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Introduction
The study of electron-electron correlation in hydrogen negative ion plays an important role in the investigation of doubly excited states of H − as the two electrons are strongly correlated for this system. Calculations for such low Z ions using accurate correlated basis functions involving electron-electron correlation explicitly can yield accurate results. In the present work, we investigate the doubly excited P, D, F unnatural parity states of H − using highly accurate correlated exponential wavefunctions with exponent generated by a quasi-random process. Due to angular momentum and parity conservation rules, the doubly excited states may be autoionizing or non-autoionizing. The doubly excited states reported here are of unnatural parities (−1) (L+1) , where L denotes the total angular momentum of the two electron systems, and they are both non-autoionizing (below the n = 2 hydrogen threshold) and autoionizing states (above the n = 2 hydrogen threshold). The doubly excited non-autoionizing states of H − , the 2p 2 3 P state is referred to as the second bound states [1, 2] . The metastability of the 2p 2 3 P state of H − was predicted computationally near 45 years ago (for references see [1] [2] [3] ). The existence of the 2p 2 3 P state of H − was confirmed by several investigations [1] [2] [3] [4] [5] . The best energy of the 2p 2 3 P bound state of H − so far was reported by Bylicki and Bednarz [5] using Hylleraas-CI-type basis functions and their reported result is correct up to 11 significant digits. In the present work, we compute the doubly excited 2p 2 3 P bound state of H − by using correlated exponential wavefunctions in the framework of the Ritz variational principle. In [5] , the electron-electron correlation is taken into account explicitly by powers of the interelectronic distance r 12 . In the present work, the electronelectron correlation is also taken care of explicitly by using the exponential function of the interelectronic distance r 12 . We also calculated the doubly excited 1, 3 [12] . Doubly excited shape resonance states in H − having unnatural parities have been investigated by Ho [9] , Bhatia and Ho [10] and Tang et al [11] . Doubly excited unnatural parity resonance states of H − have been reported by Lipsky et al [13] using the truncated diagonalization method using hydrogenic basis functions and Pathak et al [14] using the R-matrix method. Accurate results for the 1,3 P e resonance states of H − up to n = 5 threshold and for the 1 D
• resonance states up to n = 4 threshold have also been reported by Byliciki and Nicolaides [15] [16] [17] . Our calculated resonance energies and widths are comparable with the reported results ( [6] [7] [8] [9] [10] [11] [12] [13] , references therein). Some doubly excited 1,3 P e , 1,3 D
• , 1,3 F e resonance states are presented for the first time in the literature using the explicitly correlated exponential wavefunctions. Details of the calculations with unnatural parity states can be found in the earlier works [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] 18] . Convergence of our calculations is examined with increasing number of terms in the basis expansions. All calculations have been performed in quadruple precession arithmetic (32 significant figures) on the IBM and ALPHA-DEC workstations in the UNIX, FEDORA and CENT operating systems. The atomic unit (au) has been used throughout the present work.
Hamiltonian and wavefunctions
The non-relativistic Hamiltonian describing the hydrogen negative ion
where r 1 and r 2 are the radial coordinates of the two electrons and r 12 is their relative distance. For the 1,3 P, 1,3 D, and 1,3 F unnatural parity states of H − , we employ highly correlated wavefunctions [18, 19] 
where the functions Y (3), we consider l 1 = mod(i/L)+ ε, where mod(i/L) denotes the remainder of the integer division i/L. The scaling factor ω is set equal to 1 for bound state calculations and it is varied for resonance state calculations.
The nonlinear variational parameters α i , β i and γ i are chosen from a quasi-random process [18] [19] [20] [21] [22] [23] . In present work, the choice of nonlinear parameters is given by the matrix notation
where k = i(i + 1), the symbol · · · denotes the fractional part of a real number. In equation (4), we need to optimize only three variational parameters A, B, and C. The wavefunctions supported by the quasi-random process are widely used in several other works ( [18] [19] [20] [21] [22] [23] , references therein). Detailed studies with spherical harmonics will be found elsewhere ( [18] [19] [20] [21] [22] [23] [24] , references therein).
The 2 p 2 3 P e state of H

−
For the doubly excited non-autoionizing states, i.e. the states lying below the n = 2 threshold of hydrogen atom and having unnatural parities of π = (−1) L+1 , they are stationary states of the Hamiltonian and therefore their energy eigenvalues can be obtained by solving the Schrödinger equation H = E , with E < 0 in the framework of the Rayliegh-Ritz variational principle using the correlated exponential wavefunctions. Following the quasi-random process in equation (4), we have varied the parameters A, B and C to obtain the minimum eigenenergies for the bound 2p 2 [3, 4] . So it appears that the exponential correlated basis functions with exponent generated by a quasi-random process can produce the best upper bound energy for the 2p 2 3 P e state of H − which is comparable to the basis functions used in the earlier work [1] [2] [3] [4] [5] • resonance states of hydrogen negative ion below the n = 3, 4, 5, 6 hydrogen thresholds and the doubly excited 1,3 F e resonance states of hydrogen negative ion below the n = 4, 5, 6 hydrogen thresholds using correlated exponential wavefunctions (2) in the framework of the complex-coordinate rotation method [25] . In the complex-coordinate rotation method, the interparticle radial coordinate r are transformed into r = r exp(iθ), where θ is real and positive. The Hamiltonian (1) takes the form
Resonances can be examined once the complex eigenvalue problem is diagonalized with the exponential basis functions (2) . A complex resonance eigenvalue W = E ri /2, where E r and denote the resonance energy and width, respectively, that exhibits stationary behaviour for small change of θ , and the minimum of ∂W /∂θ ≈minimum for different ω values will yield the resonance position and width [21, 22, 25] . In other words, the resonance positions and widths are obtained when the discrete complex eigenvalue is stabilized with respect to the nonlinear parameters in the wavefunctions, and to the rotational angle θ ( [22, 25] , reference therein). To obtain ∂W /∂θ ≈minimum, we compute the minimum of changes in complex energy with respect to the change of θ, |W (θ + θ ) − W (θ)|, around the resonance pole for different ω values. For details, interested readers are referred to the articles ( [21, 25] , references therein).
To obtain resonance parameters (E r , ), we calculate the complex energy level E (θ , ω) by diagonalizing the Hamiltonian (5) with the wavefunctions (2). We vary the values of ω from 0.2 to 1.2, and θ from 0.10 to 0.65 radians in a mesh size of 0.05. Once the resonance poles are identified by observing the energies in the complex energy plane, then near a particular resonance pole, the plots of E(θ , ω) show that the rotational paths are slowed down and energies for different values of ω in the complex plane will approximately meet at a point from which the resonance parameters can be determined. Figures 1 and 2 show E (θ , ω) in the range of θ from 0.15 to 0.35 radians in a spacing of 0.05 radians using 1200-basis term for the lowest 3 D
• resonance states of H − below the n = 3 threshold and for the 3 D
• shape resonance of H − above the n = 3 threshold, respectively. In tables 3, 4, we present the stabilized behaviour for the lowest 1 P e resonance states below the n = 3 threshold and 3 F e resonance states below the n = 4 threshold, respectively. Tables 3 and 4 also show the convergence behaviour for the lowest 3 P e and 3 F e resonance states of H − below the n = 3 threshold. The resonance position can be identified accurately by observing the minimum value of the relative minima (∂W /∂θ ≈ min.), as mentioned in tables 3 and 4.
All the results obtained from the present calculations, following the above schemes, are presented in tables 5-7. In [ [9] [10] [11] [12] [13] [14] [15] [16] [17] . In tables 5-7, we compare resonance parameters obtained from the present calculations with those reported by Ho and Callaway [6] [7] [8] , Ho [9] , Bhatia and Ho [10] and Tang et al [11] . Some of resonance states are presented for the first time using the explicitly correlated exponential basis functions. Our calculated resonance parameters of 3 D
• shape resonance lying above the H(n = 3) threshold are a References [6] [7] [8] (converted from Rydberg unit to au). b Present results (using the stabilization method). c Reference [15] . d Reference [16] . e Reference [9] .
comparable with the reported results [10] [11] [12] . We have made comparison in table 8. The unnatural parity P and F intershell (the two electrons occupy different shells) and intra-shell (both electrons occupy the same shell) resonance states are investigated using correlated basis functions. It should be mentioned that in [8] , only doubly excited intra-shell states were reported. We have also investigated the 1,3 P e resonance states of H − using the stabilization method [26, 27] . To extract resonance parameters using the stabilization method, we first diagonalize the Hamiltonian (1) with wavefunctions (2) to obtain the energy levels E(ω) for the varying ω. We have varied ω in the range 0.4-01.0 with a mesh size of 0.001. We then construct the stabilization diagram by plotting E(ω) versus ω (as shown in figure 3(a) ). A stabilized or slowly varying energy level that appears in the stabilization plateau indicates the position of a resonance at energy E. Details of the stabilization method for the calculations of the atomic resonances can be found from the earlier works of Ho and co-workers [18, 23, 27] . Next, to extract resonance parameters (E r , ) for a particular resonance state, we calculate the density of the resonance states in the stabilized plateau of the single energy level using the formula [18, [20] [21] [22] [23] 27] 
where the index i is the ith varied ω value, i.e. ω i , and the index n is for the nth resonance. Also in equation (4), ω i−1 and ω i+1 are, respectively, the (i−1)th and (i+1)th varied ω values next to ω i . After calculating the density of resonance states ρ n (E) using formula (6), we fit it to the following Lorentzian form that yields resonance energy E r and a total width , with [6] [7] [8] (converted from Rydberg unit to au). b Reference [11] . c Reference [10] (converted from Rydberg unit to au), d [17] . e Reference [9] (converted from Rydberg unit to au). where y 0 is the baseline offset, A is the total area under the curve, E r is the centre of the peak and denotes the full width of the peak of the curve at half height. Figure 3 (a) shows the stabilization characters near E r ≈ −0.0564, −0.0556 au, respectively, for the 1 P e resonance states in H − . In the next step of the stabilization method, we calculate the density of the resonance states using equation (6) for the stabilized portions of each energy level for a particular resonance (e.g. the lowest 1 P e states). The calculated density of states is then fitted to equation (7) , and the one that gives the best fit (with the least chi-square and with the best value of the square of the correlation coefficient) to the Lorentzian form is considered as the desired results for that particular resonance. Figure 3(b) shows the best fittings of the density of the resonance states for the lowest 1 P e state. All the 1,3 P e resonance parameters obtained from the present work using 700-term wavefunctions in the framework of the stabilization method are presented in table 5. We are not able to extract the 3p 2 3 P e resonance states of H − using the stabilization method as this state is very close to the H(3S) threshold.
Summary and conclusions
In the present work, we have investigated the doubly excited non-autoionizing and autoionizing states of hydrogen negative ion using highly accurate correlated wavefunctions. The eigenenergy of 2p 2 3 P e bound state obtained from this calculation match with the best result up to now to 11 digits. We have calculated the doubly excited 1,3 P e , 1,3 D
• states of H − below the n = 3, 4, 5, 6 hydrogen thresholds and the doubly excited 1,3 F e resonance states of H − below the n = 4, 5 and 6 thresholds of hydrogen atom in the framework of the complex-coordinate rotation method. We have employed the stabilization method to extract 1,3 P e resonance energies and width below the n = 3 H threshold. We have also presented the results of a 3 D
• shape resonance lying above the n = 3 threshold of hydrogen atom. The resonance states of H − are studied for the first time using the explicitly correlated exponential wavefunctions, and some resonance states are reported for the first time. According to the wavefunctions and the method applied in the present work, we believe our results are accurate as compared to the reported results. It is hoped that our finding will provide new insight into further investigations on the doubly excited states of the hydrogen negative ion.
